Abstract. We study the beginning of the Taylor tower, supplied by manifold calculus of functors, for the space of r-immersions, which are immersions without r-fold self-intersections. We describe the first r layers of the tower and discuss the connectivities of the associated maps. We also prove several results about r-immersions that are of independent interest.
Introduction
Let M and N be smooth manifolds. An r-immersion of M in N is an immersion that has no r-fold self-intersections, i.e. no r points of M are mapped to the same point in N . The purpose of this paper is to initiate the study of rImm(M, N ), the space of r-immersions of M in N (see Definition 2.1), using manifold calculus of functors. This theory, due to Goodwillie and Weiss [GW99, Wei99] (see also [Mun10] and [MV15, Section 10 .2] for overviews), studies contravariant functors F : O(M ) → C where O(M ) is the poset of open subsets of M and C is usually Top, the category of topological spaces (but it can be the category of spectra, chain complexes, etc.). The theory produces a Taylor tower of functors and natural transformations
whose stages T k F (−) approximate F in a suitable "polynomial" sense (see Section 5). The hope is that the Taylor tower converges to F , namely that there is an equivalence between F and T ∞ F , the inverse limit of the tower.
The main functor to which manifold calculus has been applied with great success is the embedding functor (in fact, this functor is the motivation for the development of the theory). Namely, the space of embeddings Emb(M, N ) can be regarded as a contravariant functor on O(M ) since an inclusion of open subsets of M gives a restriction map of embedding spaces. An important and deep result [GK15, GW99] states that This convergence result has proven to be remarkably fruitful in the study of knot and link spaces [ALTV08, DH12, LTV10, MV14, Sin06, ST16, Vol06], embeddings of long planes [AT14, BdBW16] , more general embedding spaces [ALV07, Mun05] , link maps and their Milnor invariants [GM10, Mun08, Mun11] , etc. A strong connection to operads has also been established and operadic point of view pervades much of the current work in manifold calculus. Because of its success with embeddings, the foundation of the theory has also been expanded in various directions [BdBW13, MV12, Til17, TT13] .
When r = 2, the space of r-immersions is precisely the space of embeddings since the condition is that such an immersion may not have double points, and this defines an embedding (for M compact). Thus Emb(M, N ) is just the beginning of the filtration
The last space is that of immersions of M in N . All the spaces above are contravariant functors on O(M ) and it is thus natural to try to extend the study of embeddings to r-immersions using manifold calculus. The beginning of such a study, from the operad point of view, already appears in [DT15, Section 11], although that work does not address the convergence question, which is our main concern here.
Another motivation for developing manifold calculus for r-immersions is recent developments in combinatorial topology. One of the goals in this field is to understand and control the self-intersections of maps K → R n where K is an m-dimensional complex. One of the best-known of this family of questions is the Tverberg Conjecture: For r ≥ 2 and n ≥ 1, any map f : ∆ (r−1)(n+1) → R n maps points from r disjoint faces to the same point. This conjecture has been disproved by Frick [Fri15] who uses work of Mabillard and Wagner [MW15, MW16] on the generalized Whitney trick that gives a way of resolving self-intersection points and formulates obstructions for doing this.
On the other hand, the Taylor tower for embeddings has been shown to capture and classify obstructions for resolving self-intersections [GKW01, Mun05] and for turning an immersion to an embedding. The corresponding question of turning an immersion into an r-immersion would then have a home in the Taylor tower for r-immersions, as consequently the Tverberg Conjecture might naturally live there as well. Futhermore, the machinery of manifold calculus might provide new context for many related "Tverberg-vanKampen-Flores-type" questions.
However, the tower studied here is still one step removed from Tverberg-type problems due to the condition in such problems that the self intersections should come from "far away". Therefore, what is needed after the Taylor tower r-immersions is understood is a development of the tower for the subspace of r-immersions of a manifold, now with a triangulation, given by those self-intersections that come from disjoint simplices (these are sometimes in the literature called almost r-immersions). A recent extension of manifold calculus to simplicial complexes [Til17] should be relevant here.
We also expect that the Taylor tower for r-immersions will connect to work of Salikhov [Sal02] on obstructions to the existence of a homotopy from an immersion to a k-immersion.
This results of this paper are summarized in the following diagram.
. . .
The spaces L k rImm(M, N ) are the (homotopy) fibers of the maps
The numbers in the diagram are connectivities of maps and, in the case of L r rImm(M, N ), the connectivity of that space. The first stage of the Taylor tower is a one-point space by definition (see Definition 5.2). The equivalence between T 1 rImm(M, N ) and Imm(M, N ) is the content of Proposition 6.1. Proposition 6.2 then shows that L k rImm(M, N ) is contractible for 2 ≤ k ≤ r − 1, from which it follows (Theorem 6.3) that there are equivalences
and so all the connectivities of the maps rImm(M,
Lastly, in Proposition 6.6 we exhibit the connectivity of L r rImm(M, N ).
There are two main lines of arguments we employ in our proofs. One is general position and transversality, which are familiar topics and we use them in a basic way. The other ingredient is homotopy limits of cubical diagrams; these techniques are central in functor calculus, but are less familiar so we review them in Section 4.
We also provide a review of manifold calculus and the way it applies to the embedding functor in Section 5. This section is of independent interest since it provides a short path through the theory while supplying many references for further reading.
Also of independent interest are several results that have to do with spaces of r-immersions and rconfiguration spaces, such as Theorem 2.2, Proposition 3.3, and Lemma 6.5. We hope that some readers will find these useful regardless of their interest in calculus of functors.
Mentioned above are r-configuration spaces, which are central to our story. These are configuration spaces where up to r − 1 points are allowed to be the same. We will say more about them in Section 3 but it is worth noting that these are generally difficult and worthy of investigation in their own right. In fact, the reason why our results stop at the r th stage of the Taylor tower is that this is the range in which r-configuration spaces are very simple.
We do not yet know how to handle the general Taylor stage, but some ideas and future directions of investigation are given in Section 7. Our hope in writing this paper is that, while taking care of the "easy" part of the Taylor tower for r-immersions, we will have drawn attention to its potential usefulness and point the way toward a deeper understanding of its structure.
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Spaces of embeddings, immersions, and r-immersions
Suppose M and N are smooth manifolds of dimensions m and n, respectively. We will assume throughout that m ≤ n. Let C ∞ (M, N ) be the space of smooth maps from M to N , topologized using the Whitney C ∞ topology. The spaces in the following definition are all topologized as subspaces of
Definition 2.1.
• An embedding of M in N is a smooth map f : M → N satisfying (i) f is a homeomorphism onto its image, and (ii) the derivative of f is injective, i.e. the map of tangent spaces
The space of embeddings of M in N is denoted by Emb(M, N ). A path in the space of embeddings is called an isotopy.
• An immersion of M in N is a smooth map M → N satisfying (ii) above. The space of immersions of M in N is denoted by Imm(M, N ). A path in the space of immersions is called a regular homotopy.
• An r-immersion of M in N is an immersion of M in N that does not have r-fold intersections, i.e. it satisfies the property that, for any subset of r distinct points R = {x 1 , ..., x r } of M , it is not a constant map when restricted to R. The space of r-immersions of M in N is denoted by rImm(M, N ).
For a compact manifold M , an embedding is an injective immersion. It is then immediate from the above definition that, if M is compact,
because the condition that an immersion have no double points is the same as requiring it to be injective. Much of the time, M will for us indeed be a compact manifold and we will indicate when this assumption is being made.
Here is a result that is of independent interest. Its consequence, Corollary 2.3, will turn out to say something about the beginning of the Taylor tower for r-immersions (Corollary 6.4). The reader unfamiliar with the definition of the connectivity of a map should look ahead at Definition 4.1.
Theorem 2.2. Let M and N be smooth manifolds of dimensions m and n, respectively. Then the inclusion
Proof. The proof is a standard general position argument. Namely, consider a map
We wish to find for which k there exists a lift
Consider the adjoint H of h, i.e.
and the mapH
After performing a small homotopy, we can assumeH is smooth and transverse to the (thin) diagonal ∆ in N r , i.e. the set of r-tuples (x 1 , ..., x r ) ∈ N r such that
The diagonal is n-dimensional, so its codimension is nr−n = (r−1)n. By transversality, its preimage manifoldH −1 (∆) has the same codimension in M r × S k , i.e.
If this number is less than zero, i.e. if k < (r − 1)n − rm, then this means thatH −1 (∆) is empty. In other words,H does not hit the diagonal in N r . This in turn means that, for all v ∈ S k , we know h(v) = f is an (r + 1)-immersion that does not map any r points x 1 , x 2 , ..., x r in M to the same point in N . But this precisely means that h factors through rImm(M, N ), i.e. the dotted arrow in (3) exists.
This argument can be repeated for maps
The difference now is that the map induced by the adjoint is M r × S k × I → N r and so the codimension of the preimage of the diagonal is rm + k + 1 − (r − 1)n. This means that the map misses the diagonal if k < (r − 1)n − rm − 1.
What we have thus shown is that the homotopy classes of maps of S k to (r + 1)Imm(M, N ) and rImm(M, N ) are in bijective correspondence if k < (r − 1)n − rm − 1; the bijection is induced by the inclusion rImm(M, N ) → (r + 1)Imm(M, N ) and, as we have just shown, lifts of maps
The inclusion thus induces isomorphisms
In addition, since we have a lift of maps S k → Imm(M, N ) for k < (r − 1)n − rm, and in particular for k = (r − 1)n − rm − 1, we thus have a surjection
Putting this together means precisely that the inclusion rImm(M,
Corollary 2.3. With the assumptions as in Theorem 2.2, the inclusion
Proof. The proof of Theorem 2.2 goes through the same way with (r + 1)Imm(M, N ) replaced by Imm(M, N ). Alternatively, the connectivity number from Theorem 2.2, ((r − 1)n − rm − 1), does not decrease as r goes to infinity since m ≤ n (a standing assumption since otherwise there are no immersions of embeddings of M in N ). Since Imm(M, N ) is the limit of the inclusions rImm(M, N ) → (r + 1)Imm(M, N ) and since the least connectivity of those inclusions is hence ((r − 1)n − rm − 1), it follows by Proposition 3.3 that rImm(M, N ) → Imm(M, N ) has the same connectivity.
What follows immediately from Corollary 2.3 is that, as long as
In other words, we recover the following familiar result.
Corollary 2.4. For n > r r−1 m, any immersion of M in N is regular homotopic (homotopic through immersions) to an immersion that has no r-fold self-intersections.
Remark 2.5. When r = 2, namely when rImm(M, N ) is the space of embeddings Emb(M, N ), the previous result says that, for n > 2m, any immersion of M in N is regular homotopic to an embedding of M in N , and this is the well-known Whitney Easy Embedding Theorem.
Configuration and r-configuration spaces
Examples of embedding and r-immersion spaces that are most important for us are those of configuration spaces, which is the case when M is a collection of points. Let k = {1, 2, ..., k}. We then define the configuration space of k points in N to be
This space can be thought of as N k with all the diagonals (i.e. the fat diagonal) removed. A related space, and one that is central in this paper, is the r-configuration space of k points in N defined by
This is the space of configurations of k points in N where at most r − 1 of them can be equal. In other words, this is N k with some, but not all, of the diagonals removed, and is for this reason sometimes called a partial configuration space. This space can also be thought of as the complement of the union of certain diagonals in N k and is hence an example of a complement of a subspace arrangement.
As illustrated by the following example, r-configuration spaces are simple in some cases, and it is precisely this simplicity that will allow us to describe the low stages of the Taylor tower for rImm(M, N ) without too much difficulty.
This is because there is no restriction on the k points being different, and so no diagonals are removed from N k . In particular, when k < r,
where ∆ is as before the thin diagonal. This is because any proper subset of the r points is allowed to equal in rImm(r, N ), but not all of them. In particular, when N = R n ,
The homotopy equivalence is given by retracting (R n ) r \ ∆ onto the orthogonal complement of ∆, which is (R n ) r−1 minus the origin, and then normalizing to length one.
The space rConf(k, N ) is in general more difficult and less understood than Conf(k, N ). Its (co)homology is known (see Introduction of [DT15] for an overview of the literature dealing with the (co)homology of rConf(k, N )), and it is known that its suspension is a wedge of spheres [DT15, Corollary 3.10]. In addition, the connectivity and homotopy groups of rConf(k, N ) through a range were studied in [KS16] .
From the point of view of subspace arrangements, the stable homotopy type of these spaces can be identified as the Spanier-Whitehead dual of
where P is the partition poset associated to the arrangement of the diagonals that have been removed and d(p) is the dimension of the subspace corresponding to p ∈ P [ZŽ93].
Spaces of r-configurations are central to the work here, as they are the building blocks for the Taylor tower for rImm(M, N ). Equally important are the projection maps between them and this is where much of the difficulty lies: For ordinary configuration spaces, the projection maps
that forget a point are fibrations [FN62] . In the case N = R n , the fiber is even easily identified as R n with k − 1 points removed, which is homotopy equivalent to k S n−1 .
However, the corresponding projections of r-configuration spaces,
are not fibrations, as illustrated in the following Example 3.2. Consider the projection
The fiber over a point (x 1 , x 2 ) ∈ 3Conf(2, R n ) where x 1 = x 2 is R n since, in that fiber, x 3 can be anywhere in R n , including at x 1 or at x 2 . The fiber over a point (x 1 , x 2 ) where x 1 = x 2 is R n \ {x 1 } ≃ S n−1 since x 3 can be anywhere except at the point x 1 = x 2 . Since the fibers over two different points have different homotopy type, the map is not a fibration.
Understanding the connectivity of the projection (8), which is important for understanding the Taylor tower of rImm(M, N ), therefore requires understanding its homotopy fiber, and not just its fiber(s). The former is unfortunately an unwieldy space. In the case of N = R n , however, we at least have a handle on the connectivity of the projection map.
Proposition 3.3. Suppose r ≤ k < l. Then the map
given by forgetting l − k configuration points, is ((r − 1)n − 1)-connected.
Proof. First look at the map
given by forgetting k − r point (the equivalence comes from (7)). The space rConf(k, R n ) is ((r − 1)n − 2)-connected (see bottom of page 14 in [KS16] ) as is the sphere S (r−1)n−1 . Now, the connectivity of the space rConf(k, R n ), k ≥ r, does not depend on k, so the same argument applies to the connectivity of the map (9) with l replacing k.
Furthermore, the homology of rConf(k, R n ) is generated precisely by the spherical classes represented by the maps (9) [DT15] . This implies that there is a surjection
But by the Hurewicz Theorem, this map also then induces a surjection on π (r−1)n−1 . This means precisely that rConf(l,
The above in particular provides the connectivity of the projection to one fewer points as in (8), but identifying the homotopy fiber of that map is more difficult. The hope is that it is equivalent to a wedge of spheres, like the fiber for projections of ordinary configurations is. One can show that the suspension of the homotopy fiber is indeed a wedge of spheres, which provides evidence that the homotopy fiber is as well.
In the case of r-configurations in arbitrary N , the situation is of course more complicated for various reasons, one of them being that we do not have as good of an understanding of the homology of this space. The hope, however, is that the connectivity from Proposition 3.3 remains the same (it does in the case of ordinary configuration spaces in N ).
Cubical diagrams and total fibers
We will assume the reader is familiar with the language of homotopy limits, including homotopy fibers and homotopy pullbacks. However, we will almost exclusively require these notions only in the case of cubical diagrams, and a source for that material is [MV15] (foundational material on the subject can be found in [Goo92] ).
Let Top be the category of topological spaces and maps between them. We will also sometimes use the same notation for the category of based spaces and maps and this will not cause confusion.
Definition 4.1.
• A nonempty space X is k-connected if π i (X, x) = 0 for all 0 ≤ i ≤ k and for all choices of basepoint x ∈ X. An infinitely connected space is weakly contractible.
is an isomorphism for all i < k and a surjection for i = k. An infinitely connected map is a weak equivalence.
Example 4.2.
• Path-connected spaces are 0-connected.
• Simply-connected spaces are 1-connected.
• The sphere S k is (k − 1)-connected.
• A map between k-connected spaces is (k − 1)-connected.
• A map X → * is k-connected if and only if X is (k − 1)-connected.
For the proof of the following, see, for example, [MV15, Proposition 2.6.15].
Proposition 4.3. Given maps f : X → Y and g : Y → Z,
Let as before k = {1, 2, ..., k} and denote by P(k) and P 0 (k) the set of all subsets of k and the set of all nonempty subsets of k, respectively. Both of these can be regarded as a category (poset) with inclusions as morphisms.
Definition 4.4.
• A k-cube, or a cubical diagram of dimension k is a (covariant) functor
• A punctured k-cube, or a punctured cubical diagram of dimension k is the same except the domain is P 0 (k).
A 0-cube is a space, a 1-cube is a map of spaces, a 2-cube is a commutative square of spaces, etc. A k-cube, for k ≥ 1, can be regarded as a map, i.e. a natural transformation, of (k − 1)-cubes. So a 1-cube is a map of 0-cubes (spaces), a 2-cube (square) is a map of 1-cubes (maps), a 3-cube is a map of 2-cube (squares), and so on.
Removing the initial space X ∅ from a cube of spaces leaves a punctured cube of spaces. Furthermore, because X ∅ maps into the rest of the cube, one also has a canonical induced map (see [MV15, Section 5.4] for details) a(X ) :
where holim denotes the homotopy limit.
Definition 4.5. A k-cube is said to be c-cartesian if a(X ) is c-connected. If c = ∞, the cube is (homotopy) cartesian.
Definition 4.6. The total (homotopy) fiber of a cube X , tfiber(X ), is
tfiber(X ) = hofiber(a(X )).
A cube is thus c-cartesian if its total fiber is (c − 1)-connected.
There is another convenient description of the total fiber of a cube in terms of iterated fibers. Proposition 4.7. For k = ∅, we have tfiber(X ) = X ∅ . For k = ∅, regard X as a map of (k − 1)-cubes, Y → Z. Then tfiber(X ) = hofiber(tfiber(Y) −→ tfiber(Z)).
Example 4.8. Let X 1 , ..., X k be spaces. Consider the cube X : P(k) → Top given by X (S) = i / ∈S X i for S = k and X (k) = * . Then this cube is homotopy cartesian. One way to see this is that each square face is homotopy cartesian, i.e. a homotopy pullback, which implies that the cube is as well. Example 4.9. A related example is the k-cube where X (∅) = i∈k X i , X ({i}) = X i , and X (S) = * for all other S ⊂ k. This cube is also homotopy cartesian because regarding it as a map of cubes and taking the fiber produces a (k − 1)-cube of the sort from the previous example. Since that cube is homotopy cartesian, so is this one.
For more on total homotopy fibers, see [MV15, Section 5.4].
Manifold calculus of functors and the Taylor tower for embeddings
In this section we review some of the main features of manifold calculus of functors. For details, see [MV15, Sections 10.2 and 10.3] and [Mun10] , in addition to the foundational papers [GW99, Wei99] . We will throughout pay attention to the functor Emb(M, N ) since this is the one we wish to emulate in our analysis of rImm(M, N ) in Section 6. Definition 5.2. Let F be a finitary isotopy functor. For U ∈ O(M ), the kth stage of the Taylor tower is defined as
F (V ).
The above homotopy limit is in some sense trying to reconstruct F (U ) from information about collections of its open balls (in category theory language, this is a homotopy Kan extension).
We then get the Taylor tower of F consisting of functors T k F with natural transformations between them and admitting a natural transformation from F :
The transformations between the stages are induced by inclusions O k−1 (U ) → O k (U ) and the transformation from F to the stages T k F of the tower by inclusions
is the inverse limit of the tower.
Evaluating this diagram on U ∈ O(M ), we get a diagram of spaces with maps between the stages that are fibrations.
The definition of T k F (−) is not easy to work with. But there is an alternative way to think about T k F in terms of cubical diagrams (at the expense of losing some functoriality properties). We will not need this construction here, but the details of how to go from Definition 5.2 to this cubical model can be found in [MV15, Example 10.2.18].
The stages T k F (−) are polynomial in the following sense.
Definition 5.3. Let B 1 , ..., B k be pairwise disjoint open balls in M . Let X be the k-cube given by
Then define the k th derivative of F at the empty set, denoted by F (k) (∅), to be the total fiber of X .
and for all pairwise disjoint nonempty closed subsets A 1 , ..., A k+1 of U , the cube
is homotopy cartesian.
The two definitions above are related by setting U to be k + 1 disjoint open balls and A i to be its components. What falls out of the definitions then is that a polynomial functor of degree ≤ k has contractible derivatives of higher order. The proof of the next result combines Theorem 5.7 with the fact that embeddings and immersions agree on a single ball. We will repeat this argument when we deduce that the linearization of the space of r-immersions is also the space of immersions.
Proposition 5.8 ([Wei99], bottom of page 97). The linearization of the space of embeddings is the space of immersions, namely there is an equivalence
There are two natural questions one can ask about the Taylor tower:
(1) Does the Taylor tower for F converge? (2) Does it converge to F ?
The convergence of the tower means that the connectivity of the maps T k F → T k−1 F grows to infinity with k. This can be established by looking at the spaces
and showing that their connectivity grows with k. Functor L k F (−) is called the k th layer of the Taylor tower of F and is homogeneous in the sense that all its derivatives of degree < k are trivial. One of the main results in manifold calculus of functors is the statement that classifies all homogeneous functors in terms of certain spaces of sections [Wei99, Theorem 8.5]. We will not need this result here, but will use the following consequence.
Proposition 5.9. Let M be of dimension m and suppose
The above is true more generally when M is replaced by a submanifold of M , in which case the handle index of the submanifold replaces m. However, we only focus on the case of M itself, and this will remain true for the rest of the paper and for our results. This is fine since, in most applications of manifold calculus, this is the only case of importance.
For the embedding functor in particular, we have the following result.
Theorem 5.10. The derivative Emb(M, N ) (k) (∅) is (k−1)(n−2)-connected, and hence the connectivity of the map
For the proof of Theorem 5.10, see, for example, [MV15, Theorem 10.3.3]. In brief, one first passes from embeddings of balls, which are in the definition of the derivative, to embeddings of points, namely configuration spaces, and this is fine since balls are homotopy equivalent to points. The proof then comes down to showing that the cube of configuration spaces and projections between them is ((k − 1)(n − 2) + 1)-cartesian, and hence the total fiber, i.e. the derivative, has connectivity one less (one reference for this is [MV15, Example 6.2.9]). The key is that projection maps between configuration spaces are fibrations, so that their (homotopy) fiber is easy to handle. More will be said about this proof, and the ways in which the case of r-immersions is more complicated, in the discussion at the end of the paper.
The second question about the convergence of the Taylor tower, namely whether the tower converges to F , is a more difficult one. By convergence to F we mean that the map F → T ∞ F = holim k T k is an equivalence, i.e. infinitely connected. One way to establish this would be to argue that the connectivity of the maps F → T k F grows with k. This is precisely what happens with the embedding functor. Namely, we have the following result from [GW99] , which builds heavily on the work in [GK15] .
Theorem 5.11. Suppose M is a smooth closed manifold of dimension m, N is a smooth manifold of dimension n, and n − m ≥ 2. Then the map
If n − m > 2, then the connectivities grow with k and the Taylor tower therefore converges to Emb(M, N ).
In line with the comments following Proposition 5.9, the above is true more generally when M is replaced by the interior of a submanifold, in which case m has to be replaced by its handle index. The proof is difficult and requires various disjunction results for embeddings; for an overview, see [MV15, Section 10.3.2].
Remark 5.12. The number in Theorem 5.11 is the same as the number in Theorem 5.10 (with a shift in k). This is not surprising since the first number can be used to conjecture the second: Suppose we know that the Taylor tower converges, i.e. the connectivities of the maps between the stages increase, and that it converges to F . Suppose
The vertical map in the above diagram is also c-connected, due to Proposition 4.3, because it is the composition of maps for which the least connectivity is c. Again by Proposition 4.3, it then follows that the connectivity of
First r stages of the Taylor tower for r-immersions
In this section we give the description of the connectivities between the first r stages of the Taylor tower for r-immersions. Much of what we do can be adapted from the case of M to the case of a submanifold of M (see comments following Proposition 5.9 and Theorem 5.11), but we contend ourselves with the case of M because that is the most important and useful one. Additionally, the generalization would require us to venture outside the intended scope and level of difficulty of this paper. The general case will be tackled in future work.
We start with T 1 rImm(M, N ). In analogy with Proposition 5.8, we have Proposition 6.1. The linearization of the space of r-immersions is the space of immersions, namely there is an equivalence
Proof. We already know from Example 5.5 that Imm(M, N ) is linear and from Theorem 5.6 that T 1 rImm(M, N ) is linear. Therefore by Theorem 5.7, to prove the desired equivalence it suffices to check that that the equivalence holds for a single ball. Namely, with B m the m-dimensional ball, we want to show that rImm(B m , N ) ≃ Imm(B m , N ).
But the argument for this is the same as showing that spaces of embeddings and immersions agree on a single ball. Namely, one can differentiate an immersion or an r-immersion at, say, the center of the ball, to get a point in the Stiefel manifold of m-frames in the tangent space of N . The fibers of both maps are contractible which means that rImm(B m , N ) and Imm(B m , N ) are equivalent.
We next look at the layers of the Taylor tower for rImm(M, N ), which, by Proposition 5.9, will require us to understand the derivatives rImm(M, N ) (k) (∅). Looking back at Definition 5.3, the derivatives are total fibers of cubical diagrams consisting of spaces of r-immersions of unions of balls. But, as alluded to in the discussion following Theorem 5.10, it is possible to replace these with diagrams of r-immersions of points, namely with diagrams of rConf(k, N ). The argument for this is identical to that for the case of embeddings. For details, see discussion following the statement of [Mun10, Theorem 7.2].
Recalling from Definition 4.1 that a weakly contractible space is one that is infinitely connected, we then have
is weakly contractible.
Proof. It suffices to show that the derivative rImm (k) (∅, N ) is weakly contractible. Then, by Proposition 5.9, it follows that L k rImm(M, N ) is weakly contractible as well.
By the discussion above, rImm (k) (∅, N ) is the total fiber of the cubical diagram
where the maps are projections given by forgetting points in the configuration, namely an inclusion T → S gives a map that projects away from those configuration points indexed by S − T . However, since k < r, as observed in Example 3.1,
The cube in question is thus equivalent to the cube
with projection maps as before projecting away from those factors indexed by S −T . But this cube is homotopy cartesian by Example 4.8. This means precisely that its total fiber is weakly contractible. Equivalent cubes have equivalent total fibers, and so the total fiber of the original cube, namely rImm (k) (∅, N ), is also weakly contractible.
We can now quickly deduce Theorem 6.3. For 2 ≤ k ≤ r − 1, we have a weak equivalence
Proof. By Proposition 6.2, the fiber
is weakly contractible in the given range. By the homotopy long exact sequence of a fibration, it follows that the map T k rImm(M, N ) → T k−1 rImm(M, N ) is infinitely connected, or a weak equivalence.
Also immediate is
Corollary 6.4. For 1 ≤ k ≤ r − 1, the map
Proof. We know from Corollary 2.3 and Proposition 6.1 that the map
is ((r − 1)n − rm − 1)-connected. Inducting up the tower and using Proposition 4.3 along with Theorem 6.3 gives the desired result. Proposition 6.6 will give the connectivity of the next layer, L r rImm(M, N ). Before we prove it, we need the following Lemma 6.5. For N a manifold of dimension n, the inclusion
Proof. We first replace N r by the homeomorphic space of maps Map({x 1 , ..., x r }, N ) of the r-point space to N . Then we proceed as in the proof of Theorem 2.2. Namely, consider a map
and its adjoint
Extend this to a mapH
By transversality, the dimension of the submanifold that maps to the diagonal is k − (r − 1)n, so if k < (r − 1)n, this is the empty set. This means that h misses the diagonal in N r and hence factors through N r \ ∆.
The same argument applies to a map S k × I → Map({x 1 , ..., x r }, N ) except now the relevant range is k < (r − 1)n − 1. Putting this together means that the map N r \ ∆ → N r induces isomorphisms on homotopy groups π k for k < (r − 1)n − 1 and a surjection on π (r−1)n−1 , which is what we wanted to show.
Proposition 6.6. The layer L r rImm(M, N ) of the Taylor tower for rImm(M, N ) is ((r−1)n−rm−2)-connected.
Remark 6.7. If we knew that the Taylor tower converged, Proposition 6.6 would in fact be immediate from what we know already. As we know from Remark 5.12, convergence would mean that the connectivity of rImm(M, N ) → T r rImm(M, N ) is greater than that of rImm(M, N ) → T r−1 rImm(M, N ), which is (r − 1)n − rm − 1 from Corollary 6.4. We would thus have a diagram
and it would then follow from Proposition 4.3 that
But this is the same as saying that the fiber of this map, namely
Proof of Proposition 6.6. We start as in the proof of Proposition 6.2, and so rImm (r) (∅, N ) is the total fiber of the cubical diagram So now we have reduced the problem to finding the connectivity of the inclusion
But by Lemma 6.5, this map is ((r − 1)n − 1)-connected, which means that its homotopy fiber, namely rImm (r) (∅, N ) is ((r − 1)n − 2)-connected. It then follows by Proposition 5.9 that the connectivity of L r rImm(M, N ) is (r − 1)n − 2 − rm = (r − 1)n − rm − 2.
Remark 6.8. When N = R n , which is often of most interest, then the above proof simplifies as follows:
The initial space in the cube is rConf(r, R n ) = (R n ) r \ ∆ ≃ S (r−1)n−1 , while the other spaces are products of R n with itself and hence contractible. When r = 3 for example, we want the total fiber of the cube (14)
But this total fiber is simply S 2n−1 , which is (2n − 2)-connected, or in the general case of S (r−1)n−1 , ((r − 1)n − 2)-connected, as desired.
Strategy for the higher stages
We wish to close by saying a few words about a possible promising strategy for finding the connectivities of the higher layers L k+1 rImm(M, N ), when k + 1 > r (we are indexing by k + 1 rather than k since the numbers will ultimately come out easier that way). These layers exhibit genuinely different and more difficult behavior. We will focus on the case N = R n , as more is known about partial configuration spaces in this situation.
As in the earlier arguments, to get at the connectivity of L k+1 rImm(M, R n ), one would first establish the connectivity of the derivative rImm (k+1) (∅, R n ). This is the total fiber of the cube X : P(k + 1) −→ Top S −→ X S = rConf((k + 1) − |S|, R n ) with projection maps. The total fiber is (15) rImm (k+1) (∅, R n ) = tfiber X ≃ hofiber X ∅ → holim S∈P 0 (k+1) X S Remark 7.1. In the case k + 1 = r + 1, the homotopy limit in above is simply (S (r−1)n−1 ) r+1 (using Example 4.9). The map from (15) whose homotopy fiber we wish to understand is therefore equivalent to the map (16) rConf(r + 1, R n ) −→ (S (r−1)n−1 ) r+1 .
One way to get the connectivity of this map would be to take a closer look at the homology of the two spaces using [DT15] .
The idea now is to emulate the proof in the case of Emb(M, R n ) and use the Blakers-Massey Theorem for cubes [Goo92, Theorem 2.5] (see also [MV15, Section 6.2]). There are two pieces that would be required:
(1) The connectivites of the projection maps between r-configuration spaces, and for l + 1 > r. For general N , the situation is even more difficult since we do not know much about the connectivity or the homology of the spaces rConf(k, N ).
